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ABSTRACT: LetG(p,q) be a connected, undirected, simple and non-trivial graph with p vertices

and q edges. Let f be an injective function f: V(G) — {S 5+ d, 5T 2d,..c.coevioeeeeeeieeeeeeeeeceeeeeeeee s + (gtl) d}
and g be an injective function @ E(G) — {d, 2d, 3d.....cociomeeerireeeieeeeeeeeeeeeee e 2(q — 1) d}.
Then the function f is said to be (s, d) magic labeling if (w) + g(uv) + f(v) is a constant, for all u, v € V(G) and uv €
E(G). A graph G is called (S, d) magic graph if it admits (S, d) magic labeling.

KEYWORDS: Subdivision of Open ladder graph S (O(Lx )), Open triangular ladder S(O(TLx )), Slanting ladder
S(SL»,) , Circular ladder S(CL») ,Mobius ladderS(Mn)

I. INTRODUCTION

[4] In graph theory, subdivision is a critical concept that simplifies the analysis of complex graphs by transforming them
into easier or simpler forms, enabling a clearer calculation of various graph properties. Subdivision graphs play an
important role in studying both mathematical and chemical properties of the objects represented by these graphs, such as
molecules or networks.

[3]. In 2001, Sethuraman and Selvaraju introduced a graph operation called the super subdivision of a graph, denoted as
SSD(G). The operation creates a new graph from an original graph G by transforming each edge in a specific manner
using a complete bipartite graph.

If G admits (s, d) Magic labeling, then G is called as (s, d) Magic graph. In this paper, a new concept of (s, d) Magic
labeling has been introduced for some graphs.

[5] Let G (p, q) be a simple, non-trivial, connected, undirected graph with p vertices and q edges. Consider the following:
f:(G) — {s,std,s+2d..s+(q+1)d} and g: E(G) — {d,2d,3d ... 2(q — 1) d} be an injective function. Then,
for any u,v € (G) anduv € E(G), f(u) + g(uv) + f(v) is a constant, and the function f is said to be (S, d) magic
labeling. If a graph G admits (S, d) magic labeling, then it is referred to as a (S, d) magic graph.

II. DEFINITIONS

Definition 2.1

The graph obtained by subdividing each edge of a graph G is called the subdivision graph of G.

Definition 2.2

Two paths of length n — 1 with (G) = {wv::1 <t <nand

(@) = {weurn, veven + 1< <n—1} U {ww:2 <1 <n-1} form an Open ladder.

Definition 2.3

The slanting ladder is a graph that consists of two copies of Pn with vertex set {u.: 1 < ' < n}

U {v::1 < < n} and edge set is generated by linking ur and vev, 1< < n — 1.

Definition 2.4

The graph TLn n> 2 is formed by adding the edges wrve+1: 1 < i < n — 1, to the ladder, where Ln is the graph P,
x Pn.

Definition 2.5

By adding the edges w, v+ for 1 <¢ <n — 1, atriangular ladder is modified in to open triangular ladder and it is
denoted as O (TLx)

Definition 2.6

Circular ladder graph is a simple graph obtained by using Cartesian product of cycle graph
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C» with n vertices and path graph P», and is denoted by CLn. (i.e. Cn x P, = CLn). This is isomorphic to the graph
obtained by linking the end vertices of the ladder by two new edges in cyclic form.

Definition 2.7

A Mobius ladder graph M is a graph obtained from the ladder P» x P, by linking the opposite end points of the two
copies of Pn.

III. MAIN RESULT

Theorem 3.1 Subdivision of any Open ladder graph (OL»)for all 1 is odd is (S, d) magic labeling.
Proof: Let G = (OLx) be a graph obtain by subdividing all the edges of S(OLx»)

Here we consider a following case

Case (a)

Let G be a graph obtained by subdividing each edge uvi,2 < i <n—1 of L

Let wi, 1 < i <1 — 2 be the vertices which subdivide i v

Define the function f from the vertex setto {s,s +d,s +2d ....s + (g + 1)},

g:(G) — {d,2d,3d .... 2(q — 1) d}

Labeling of vertices
Value of i f(uin) fwin) f(vin)
0<i<n-1 S+id - s
+Q2m -1 +id
0<i<n-3 - s+(m+id -

Table 1 Labeling of vertices of (OLn)

Labeling of Edges
Value of i lg(uiuirn) g(vivi) g (uiriwi) g(Wivisy)
2s + 2s + -
I1<i<n-1 2(q—1)d - (f(w) 2(q—1)d - -
+ f(v) + f(vin))
f(uis))
25 + 25 +
1<i<n2 - - 2(q — 2(q—-1)d~-
Dd = (f (wir1) + (f(wi) +
f(w) f(Wis)

Table 2 Labeling of Edges of (OLn)

Example 3.1.1: Subdivision of Open ladder graph (OL)

= s+d s+2d +=d sesd
1, Bz o g 20y
. 2ad EEr] s7d EEE ==d sag .
sad sod
e +7d s +od
2zd 1m4
o —— = = == = = @

s+a8d

Fig. 1 Subdivision of Open ladder graph (OL7)
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Case (b)

Let G be a graph obtained by subdividing each edge uuiyi and vivis of Ln

Let wiyi, 0 < i < (n — 2) be the vertices which subdivide uiui+1 and yit1 , 0 < i < ( — 1) be the vertices which
subdivide vivir of La

Define the function f from the vertex set to {{s,s +d,s +2d .

.S+ (g+ 1)},
g:(G) — {d,2d,3d ....2(q — 1) d}
Labeling of vertices
Value of i f(uin) fwin) f(vin) f (yir1)
0<i<n-—-1 S +2id s+2(n+id |s+2(n+i)d
— id
0<i<(n-2) - s+Qi+1d
Table 3 Labeling of vertices of (OLx)
Labeling of Edges
Value of i g (wiwy) lg(Wilki+1) gy g(yivi) g(uivi)
2s +2(q—
2s + 2s + 2s + Dd - ((f(y)+
1<i<n-1 P@-1)d- 2(q-1)d - 2(q—-Dd = (f(w) + |f(vin))
() + f(wy) fwd) + f(ui)) fy))
- 2s +
2<i<n-l - - - 2(q —
Dd — (f(u) +
fw)

Table 4 Labeling of Edges of (OLn)

Example 3.1.2: Subdivision of Open ladder graph (OLs)

l wy By Wy By gy - ™
=sd s2d =1d 2od 27d 2s5d a5d 21d .
2zd 18d

. 17d . 15d 13d

11d ad 7d

P ¥i v ¥z V3 ¥a

s+10d s+0d s+1z2d s+#11d s+31ad s+13d s+16d

Fig. 2 Subdivision of Open ladder graph (OLs)
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Case (¢)

Let G be a graph obtained by subdividing each edge witti+1, viviri and uwi of Ln
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Let wiy; ;0 < i < (n— 1) be the vertices which subdivide uiir1, yiri; 0 < i < (n — 2) be the vertices which subdivide
viviand xi; 0 < i < (1 — 2) be the vertices which subdivide uiwi; 2 <i <n—1of L

Define the function f from the vertex setto {{s,s +d,s +2d ....s + (g + 1)},
g:(6) —> {d,2d,3d ....2(qg — 1) d}
Labeling of vertices
fvy) =vn +d
Value of i fuin) fwin) fis) fyiv) fx)
0<i<n-1 S+2id |s - — -
+ i+ 1)d
O<i<n-2 s S -
- - +2(n +id t2n+id
—d
1<i<n-2 - - - - Vn1 +2id
Table 5 Labeling of vertices of (OLn)
Labeling of Edges
Value g(uiwi) g(Witti+1) giyi) g(yivir) g(xiui) g(xiVi+1)
of i
2s +2(q—
1<i 2s + 2s + 2s + Dd = ((f(yy) +
<n-1 PR@-1d- 2(q-Dd—-(fw)+ PR(q-1)d- f(vis)) - -
f (u) + f(wi) f(uin)) f(w) + fyo)
2s + 2s +
I= - - - - 2@-1d-(fx) 2(q-
L=z ¥ D~ (fx) +
f(uin)) fwin)

Table 6 Labeling of Edges of (OLn)

Thus, (OLx») admits (s, d) magic labeling
Example 3.1.3: Subdivision of Open ladder graph (OL)

. a1d 39d 37d 35d 33d 31d .
F. 17d . 15d » 134 - 114 e ad 7d ’
Fig. 3 Subdivision of Open ladder graph (OL7)
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Theorem 3.2 Subdivision of a Slanting ladder graph (SLx)for n is even is (S, d) magic labeling.
Proof: Let G = (SLn) be a graph obtain by subdividing all the edges of S(SLn)

Here we consider a following case

Case (a)

Let G be a graph obtained by subdividing each edge uivi+i, of (SLn)

Let wi, 1 < i <1 —1 be the vertices which subdivide w: viy

Define the function f from the vertex setto {s,s +d,s +2d ....s + (g + 1)},

g:(G) — {d,2d,3d ....2(q — 1) d}

Labeling of vertices
Value of i f(uir) f(w)
0<i<n-1 S+id -
1<i<n - wy +id

Table 7 Labeling of vertices of (SLx)

Labeling of Edges
'Value of i \g(witti+1) g(vivii) g (uiw:) g(Wivii1)
2s +
2s + 2s + 2(q—1)d - 2s +
1<i<n-1 2(q-1)d- 2q-1d-(Fw)+  (f () 2q-1)d-
f(u) + fluin)) f(wis) i+ f(wi) fwd) + f(vin)

Table 8 Labeling of Edges of (SLx)

Example 3.2.1: Subdivision of slanting ladder graph (SLe)

Fig. 4 Subdivision of slanting ladder graph (SLs)
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Case (b)
Let G be a graph obtained by subdividing each edge uiuiriand viviii of (SLn)
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Letwi, 1 £ i <n— 1 be the vertices which subdivide w: ui+; and yi, 1 < i <7 — 1 be the vertices which subdivide vi

Define the function f from the vertex setto {s,s +d,s +2d

...s+(g+ 1D},
g:(G) — {d,2d,3d .... 2(q — 1) d}
Labeling of vertices
'Value of i fwi) f(yir)
fuin) fwin)
0<i<n-1 S +4id s+@i+1d s+2(1+2id s+ (4i+3)d
Table 9 Labeling of vertices of (SLn)
Labeling of Edges
Value of i g(uivie) g(yivir) g(viyi) g(uiw;) lg(winii1)
25 +
2s + 2s + 2s + 2(q-1)d - 2s +
l<isn-1 2@-Dd-(fw)+ 2(q-Dd=(flyd] 2(q~ Dd ~ (f(v) + |[f(w) + f(wi) 2q-1Dd=(fwy) +
f(i) + fy) f(wi)
_f(ULH))
Table 10 Labeling of Edges of (SLn)
Example 3.2.2: Subdivision of slanting ladder graph (SLs)
5 =+id s+idd s+iad s+Bd s+10d =+12d =+14d =+1&d s+18d 5+20d
L 1y W iy W3 Uy w Uz W5 e
ded Wi 42d 3Bd ? 344 21d 12d g

G

z+d

¥
+3d

IJMRSET © 2024

36d 32d 7 28d . 24d 20d
¥a ¥z ¥ ¥z vy ¥4
s+5d =+7d 5+5d 5+11d =+13d

=+15d

153 ¥z Vis

=+17d 5+15d

Fig. 5 Subdivision of slanting ladder graph (SLe)
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Case (¢)

Let G be a graph obtained by subdividing each edge wiuti+1, vivisi and wiviof (SLn)
Letwi, 1 < i <n—1 be the vertices which subdivide w: uiv1, yi 1 < i <n— 1 be the vertices which subdivide vi

and x;; 1 < i <n— 1 be the vertices which subdivide u; viri Define the function f from the vertex set to {s,s +d, s +
2d ....s+(q+ 1)},

g:(G) > {d,2d,3d ....2(q — 1) d}

Labeling of vertices

Value of flui) Fwen) ) foo fx

O<i<n-1 - - s -
S +2id +2(m—1
+ i)d
OS L S T) - 2 - S - ur]
+ Qi+ 1)d +(2i + 1)d
1<i<n - - s + (Xy-1 -
+ i)d

Table 11 Labeling of vertices of (SLn)

Labeling of Edges
Value of i g(uwiwi) g(Witdi+1) \g(viyi) g(Yivis) g(uixi) g(xivis1)
2s + 2s +
25+ D5 + Ds+2(q - 1) d ~(f(v) s +2(q — 2(q—1) d— (f(w) P(a -
I<i<n-1 2(q— Dd = f(w) + 2(q— Dd — f(wor+ f(y) Dd = ((f (v + * Dd -
f(wi) t f(uin) f (vin)) f(x1) ;(f (i) +
(Ui+l))

Table 12 Labeling of Edges of (SL»)

Thus, (SL») admits (S, d) magic labeling
Example 3.2.3: Subdivision of slanting ladder graph (SLe)

s+6d s+7d

Wy

Vi 3 Va vy Vs Vg Vs Ve
s+21d s+11d s=22d s+13d s+23d s+15d s+24d s+17d s+25d s+=19d s+26d

Fig. 6 Subdivision of slanting ladder graph (SLs)
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Theorem 3.3 Subdivision of an Open triangular ladder graph (OT L»)for all 1 is (S, d) magic labeling.

Proof: Let G = (OTLn) be a graph obtain by subdividing all the edges of S(OTL»)

Here we consider a following case

Case (a)

Let G be a graph obtained by subdividing each edge wiuiriand viviyi of (OTLn)

Letwi, 1 < i <n—1 be the vertices which subdivide wi uirjand yi;, 1 < i <1 — 1 be the vertices which subdivide v;
Vi+1

Define the function f from the vertex setto {s,s +d,s +2d ....s +(q + 1)}, g:(G) —

{d,2d,3d ..... 2(q - 1) d}

Labeling of vertices

'Value of i f(uirt) f(wir) fwin) f(yin)

0<i<n-1 S +4id s+@i+1d s+2(1+2id s+ (4i+3)d

Table 13 Labeling of vertices of (OTL»)

Labeling of Edges
Value of i g(uivin) g(yivin) guiw:) gwiuin) gwiy:) g(viwi)
Ds +2(q - Dd—(f(w))| 2s+ 25+ 25 + 25 + -
1<i +f(vir1)) 2(q—1d 2q-1d 2(q-Dd-(f(w)| 2(q—1)d-
<n-1 - — (f(w) + (f(w) +
(f(yd) + + f(wi)) f(uin) f(y))
f (Vi)
2 <i 25 +
=n-1 - - - - - 2(q-1)d-
(f(vy) +
f(u)

Table 14 Labeling of edges of (OT L)

Example 3.3.1 Subdivision of an Open triangular ladder graph (OT Le)

s s=2d s+4d s=6d s+8d s+i0d s+12d s+14d s+16d s+13d s+20d
ug wy

R e s w, ug Wwg Uy
pat a 384 3 <

~ @

1'. 52d . 42d 20d ied

- ¥i va Va2 vs ¥3 ve Vs vs Vs ve
s+d s+3d s+5d s+7d s+Sd s+1id s+13d s+15d s+17d s+1Sd s+21d

Fig. 7 Subdivision of an Open triangular ladder graph (OT Le)
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Case (b)

Let G be a graph obtained by subdividing each edge uiviriand viui of (OTLy)

Let xi, 1 < i < 2n — 3 be the vertices which subdivide wuwiiand wi vi;2<i< -1 Define the function f from the
vertex setto {s,s+d,s+2d....s+(q+ 1)}, g:(G) —

{d,2d,3d ....2(q— 1) d}
Value of i f(wir) fxis)
f(uin)
0<i<n-1 S + 4(i s+2Qi+1d -
+ 1)d

i=0 - - S

1<i<2(n-—-2) - - s+2(i—1)d+d
Table 15 Labeling of vertices of (OTL»)
Labeling of Edges
Value g(uinir) gwir)  GUi+1x2i+1)  |g(Ui+1X20) 9Wi+1X2+1) g(Wi+1x2))
of 1
2s + 2s + 2s +

1<i 2(q-1)d 2(q-1)d 2(q-1)d -
<n-—1 - - - - - (f(wis1)

(f(w) + (f(v) + + f(x2))

f(uin)) fin))

2s + 2s +
0<i - - 2(q-1)d- - 2(q—-1)d- -
<n-—-2 (f(uin1) (f(vir)
+ f(x2i11)) + f(x2ir1)
1<i 2s +
<n-—-2 - - - 2(q-1)d- - -
(f(um)
+ fx0)

Table 16 Labeling of Edges of (OTLx)

Thus, (OTLx) admits (S, d) magic labeling.
Example 3.3.2 Subdivision of an Open triangular ladder graph (OT L)

IJMRSET © 2024
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Fig. 8 Subdivision of an Open triangular ladder graph (OT Le)
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Theorem 3.4 A Subdivision of a circular ladder graph (CLn)for 1 is odd is (S, d) magic labeling.
Proof: Let G = (CLx) be a graph obtain by subdividing all the edges of S(CL»)
(S(Ln)) = {ui, vy, 1y, s;, ti; 1 < i <n}and E(S(Ln)) = {wiry, rivi, visiwiti; 1 <i <n}

Here |(S(Ln)) | = 51
I(S(Ln)) | = 6n

Define the function f from the vertex setto {s,s +d,s +2d ....s + (g + 1)}, g:(G) —
{d,2d,3d ....2(q — 1) d}
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Labeling of vertices
Value of i f(uin) fv) f(s) fry) f(t)
0<i<n-—1 s+id - — _ _
I<i<n-—-1 - - s - s+ (vy +i)d
t(n+0d
I<i<n - s+ (rp i) - S -
+ (Sn + l)d

Table 17 Labeling of vertices of (CLx)

Labeling of Edges
Value of i g(uiri) g(viri) g(uisi) gwiti) g(siui+1) g(tvir)
2s + 2s + - -
i = 1&n - - 2(q-Dd (f(u)+ [2(q—Dd -
f(sn)) (f (v) + f(tn))
2s + 2s + 2s +
2(q—1)d— (f(w) R(q—1)d 2(q —1)d— 2s + - —
1<i<y ) - (f (i) 2(q - d -
(f (vi) * f(sD) (f (v + f()
+ f(r)
2s + 2s +
1<i<n-1 - - - - 2(q=1Dd-(f(s) R(q—1)d—(f(t)
+ f(uin)) + f(vin))

Table 18 Labeling of Edges of (CLx»)

Thus, (CL») admits (S, d) magic labeling
Example 3.4.1 Subdivision of a circular ladder graph (CL7)
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Fig. 9 Subdivision of a circular ladder graph (CL7)

Theorem 3.5 A Subdivision of a Mobius ladder graph (M Lx)for 1 is odd is (S, d) magic labeling.
Proof: Let G = (MLx) be a graph obtain by subdividing all the edges of S(MLx)
(S(Ln)) = {wi,vi,ri,si t; 1 <i <n}and E(S(Ln)) = {wi ri, rivi, visiuit: ;1 < i <n}

Define the function f from the vertex setto {s,s +d,s +2d ....s +(q + 1)}, g:(G) —
{d,2d,3d ....2(q — 1) d}

Labeling of vertices

f0) = sy +d

f(y)=s+6nd
Value of i f(uir) f(w) f(si) f(rs) f(t)
0<i<n-1 s+id - - — Z
I<i<n-1 - - s - s+ (vy +i)d

+(m +id
Ii<n - S+ (ry +1i) - s -
+(sp +i)d

Table 19 Labeling of vertices of (MLn
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Labeling of Edges
glyvn)=2s +2(q — Dd — (f(y) + f(xn))
g(xun)=2s + 2(q — Dd = (f(x) + f(un))
Value of i g(uiri) g(viry) \g(uis:) g(vit:) g(siui+) g(tivin) guiy) g(vix)
2s 2s
- - - +2(q +2(q
i =1 - - —1d —1)d
— (f(w) — (f(v)
tf() t (%)
2s + 2s +
2(q-Dd | 2(q-1)d |- - - —~ -
1<i<np - - -
(f (w) (f(v)
) )
2s + 2s + 2s +
2(q—1)d [2s+2(q-1)dR(q-1)d~- 2(q—1)d— -
l<i<p- - - F - (f(s) (f(t)
(f () (f(v) + f(uin)) + f(vin)
+ f(s0) i+ f(t)

Thus, (ML) admits (S, d) magic labeling.

Table 20 Labeling of vertices of (MLn)

Example 3.5.1 Subdivision of a Mobius ladder graph (ML7)

IJMRSET © 2024

Fig. 10 Subdivision of a Mobius ladder graph (ML)
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IV. CONCLUSIONS

In this study, a (S, d) Magic Labeling has been discovered for a few graphs such as Subdivision of Open ladder graph S (O
(Ln)), Open triangular ladder S (O(TLx )), Slanting ladder S(SL»,) , Circular ladder S(CL») ,Mobius ladderS(M~) .Future
research will examine the (S, d) Magic labeling of additional graphs and some graph families.
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